Abstract. Grafakos-Kalton [Collect. Math. 52 (2001)] discussed the boundedness of multilinear Calderón-Zygmund operators on the product of Hardy spaces. Then Lerner et al. [Adv. Math. 220 (2009)] defined A p weights and built a theory of weights adapted to multilinear Calderón-Zygmund operators. In this paper, we combine the above results and obtain some estimates for multilinear Calderón-Zygmund operators on weighted Hardy spaces and also obtain a weighted multilinear version of an inequality for multilinear fractional integrals, which is related to the classical Trudinger inequality. 
1. Introduction. Multilinear Calderón-Zygmund theory is a natural generalization of the linear case. In recent years, many authors have been interested in these topics ( [5] , [6] , [4] , [20] , [15] , [13] , [21] , [3] and [23] ). Multilinear singular integral operators have recently attracted more and more attention. The class of multilinear singular integral operators with standard Calderón-Zygmund kernels provides the starting point of the theory. So we first recall the definition of multilinear Calderón-Zygmund operators.
Definition 1 ([6] ). Let T be a multilinear operator initially defined on the m-fold product of the Schwartz space and taking values in the space of tempered distributions,
We say that T is an m-linear Calderón-Zygmund operator if for some 1 ≤ q j < ∞, it extends to a bounded multilinear operator from L q 1 × · · · × L qm to L q , where 1/q = 1/q 1 + · · · + 1/q m , and there exists a function K, defined off the diagonal x = y 1 = · · · = y m in (R n ) m+1 , satisfying for some ε > 0 and all 0 ≤ j ≤ m, whenever |y j −y j | ≤ 1 2 max 0≤k≤m |y j −y k |. As in the linear theory, a certain amount of extra smoothness is required for these operators to have such boundedness properties. We will assume that K(y 0 , y 1 , . . . , y m ) satisfies the following estimates: is an ordered set of n-tuples of nonnegative integers, |α| = |α 0 | + · · · + |α m |, where |α j | is the order of each multiindex α j , and N is a large integer to be determined later.
The initial work on these operators was done in [5] , [6] by Coifman and Meyer in the 70's. Later on, the topic was taken up by several authors, including Christ and Journé [4] , Kenig and Stein [20] , and Grafakos and Torres [15] . This last work studied multilinear Calderón-Zygmund theory, including the unweighted estimates of multilinear Calderón-Zygmund operators in the weak and strong sense. Weighted settings were studied systematically in [16] ; it was shown that if T is an m-linear Calderón-Zygmund operator,
, provided that the weight ω is in the class A p 0 . In 2001, Grafakos and Kalton [13] proved the boundedness of multilinear Calderón-Zygmund operators on products of Hardy spaces. They gave the following result:
Theorem A ( [13] ). Let 1 < q 1 , . . . , q m , q < ∞ be fixed indices satisfying
Suppose that K satisfies (1.3) with N = [n(1/p − 1)]. Let T be related to K and assume that T admits an extension that maps
Then T extends to a bounded operator from
Recently, the theory of weighted multilinear Calderón-Zygmund singular integral operators was established in [21] by Lerner et al. New more refined multiple maximal function
was defined and used in [21] to characterize the class of A p weights and to obtain some weighted estimates for multilinear Calderón-Zygmund singular integral operators. So let us recall the definition of A p weights.
For exponents p 1 , . . . , p m , we will often write p for the number given by 1/p = 1/p 1 + · · · + 1/p m , and p for the vector p = (p 1 , . . . , p m ).
We say that ω satisfies the A p condition if
In particular, when m = 1, we note that A p degenerates to the classical A p weight. Moreover, if m = 1 and p i = 1, then this class of weights coincides with the classical A 1 weights. It is well-known that if ω ∈ A p for 1 < p < ∞, then ω ∈ A r for all r > p and ω ∈ A q for some 1 < q < p. We thus use q ω := inf{q > 1 : ω ∈ A q } to denote the critical index of ω. We will refer to (1.4) as the multilinear A p condition.
A result in [21] can be stated as follows.
Theorem B ( [21] ). Let T be an m-linear Calderón-Zygmund operator, satisfying (1.1), (1.2), 1/p = 1/p 1 + · · · + 1/p m , let 1 < p i < ∞ and let ω satisfy the A p condition. Then
Weighted estimates for a class of multilinear fractional type operators were proved in [3] and [23] . These results together with [21] answered an open problem in [17] , concerning the existence of multiple weights for which weighted estimates like (1.5) hold.
On the other hand, in 1989, Strömberg and Torchinsky in [25] defined weighted Hardy spaces and obtained the boundedness of Calderón-Zygmund operators on them.
We will use García-Cuerva's atomic decomposition theory [9] for weighted Hardy spaces. 
-atoms, and a sequence λ i of real numbers with In view of Theorems A and B, it is natural to look for weighted results on multilinear singular integral operators acting on weighted Hardy spaces. The first aim of this paper is to give such results. Our first result is as follows:
Let T be an m-linear Calderón-Zygmund operator such that K satisfies
In order to state other results, let us first give some notations and definitions. Denote by f the m-tuple (f 1 , . . . , f m ) and by I α the m-linear fractional integral operator, and by M ( f ) the m-sublinear maximal function, defined as follows:
where θ k , k = 1, . . . , m, are fixed, distinct and nonzero real numbers. Note that if m = 1, then the above operators coincide with the classical fractional integrals and Hardy-Littlewood maximal function. In 1992, Grafakos [11] proved the L p 1 × · · · × L p k boundedness for the above class of multilinear fractional integrals I α . He also proved two multilinear versions of inequalities for multilinear fractional integrals related to the classical Trudinger inequality. We give a weighted version of an inequality in [11] : Theorem 1.2. Let 0 < α < n and s = n/α be the harmonic mean of
and ω k ∈ A s . Then for any γ < 1, there exists a constant C 0 (γ) depending only on n, α, the θ k 's and γ, such that
Remark. We note that if ω k (x) = 1, then our result is the same as Theorem 3 in [11] . We give an example ofν ω : Let ω k (x) = (1 + |x|) α k , α k ≥ 0 (for each k); thenν ω satisfies the conditions of Theorem 1.2.
Assume m = 1, ω k = 1. Trudinger [26] proved exponential integrability of I α ( f ) for α = 1, and Strichartz [24] for other α. In 1972, Hedberg [18] gave a simpler proof for all α. In 1970, Hempel et al. [19] showed that if γ > 1, then (1.8) cannot hold for α = 1, and later Adams [1] got the same conclusion for all α; in the endpoint case γ = 1, (1.8) cannot hold either. In 1985, Chang and Marshall [2] proved a similar sharp exponential inequality concerning the Dirichlet integral. For m ≥ 2, w k = 1, the result was obtained by Grafakos [11] as already mentioned above.
2. Proof of Theorem 1.1. We need the following lemma:
The
We will use the following facts: (a) Let q ≥ 1 and ω ∈ A q . Suppose a is an ω-(p, ∞, s)-atom. Then by the definition, a is supported in a cube Q, a ∞ ≤ ω(Q) −1/p , and R n a(y)y α dy = 0 for any multi-index α with |α| ≤ s.
, we know that if ω ∈ A p , p ≥ 1, then for any cube Q and λ > 1,
where C does not depend on Q nor on λ. Now, we begin to prove Theorem 1.1. First, we consider case (i). Observe that if each ω i is in
We use the atomic decomposition of
, and since finite sums of atoms are dense in H p ω , we will work with such sums and obtain estimates independent of the number of terms in each sum.
We can assume each
, where a i,k are (p i , ∞, s)-atoms, which means they are supported in cubes Q i,k and |a i,k | ≤ ω(Q i,k ) −1/p i . However, by the above fact (a),
Denote by c i,k and l(Q i,k ) the center and the side length of Q i,k , and let Q i,k = 8 √ n Q i,k . Employing multilinearity we write T (a 1,k 1 , . . . , a m,km )(x) .
For x ∈ R n and fixed k 1 , . . . , k m , we estimate
where
First, let us discuss I 1 (x). For fixed k 1 , . . . , k m , assume thatQ 1,k 1 ∩ · · · ∩ Q m,km = ∅, since otherwise there is nothing to prove.
Suppose that Q i * ,k i * , i * ∈ {1, . . . , m}, has the smallest size among all these cubes. We take a cube G k 1 ,...,km such that
HereG k 1 ,...,km denotes the cube with the same center and 8 √ n times the side length of the cube G k 1 ,...,km . By Hölder's inequality, Theorem B, and (2.2), we have
Using Lemma 2.1, we have
Secondly, we estimate I 2 (x). Let A be a nonempty subset of {1, . . . , m}, of cardinality |A|, so 1 ≤ |A| ≤ m. Let A c = {1, . . . , m} \ A. If A = {1, . . . , m}, we define
We set
For fixed A, we assume that the side length of the cube Q i * ,k i * , i * ∈ A, is the smallest among the side lengths of the cubes Q i,k i , i ∈ A. Let P N c i * ,k i * (x, y 1 , . . . , y m ) be the N th order Taylor polynomial of K(x, y 1 , . . . , y m ) with respect to the variable y i * at the point c i * ,k i * .
Since a i * ,k i * has zero vanishing moments up to N , by (1.3) we get
where ξ is between y i * and c i * ,k i * .
Note the following two facts:
(c) If a is an ω-(p, ∞, s)-atom supported on a cube Q, and M > n, then for any positive number b and c ∈ R n , .
Using Hölder's inequality, (2.2) and (c)-(d) we obtain
Since Q i * ,k i * is the smallest cube among {Q i,k i } i∈A , and x ∈ i∈A c Q i,k i , we get
Hence, by Minkowski's inequality and Hölder's inequality, we deduce that
where we used the p i -subadditivity of the L p i quasi-norm. So we only have to estimate
To show the last inequality, we used N > mn(q i /p i − 1) − 1. If i ∈ A c , then
Thus we have
In conclusion, summing the estimates for I 1 and I 2 , and taking the limit, we obtain
This completes the proof of Theorem 1.1(i). For (ii), the procedure is similar; we only show the differences. For I 1 (x), we take a cube G k 1 ,...,km such that
Hence, by Lemma 2.1,
and so
This completes the proof of case (ii).
Remark. It is worth noting that our assumptions in Theorem 1.1 are in a sense natural ones. In fact, if we want to show the estimate
using the same procedure as in the proof of Theorem 1.1, then we have to replace ω with ν ω in ( * ), and get
So, we must require
However, by using Hölder's inequality, we know
Since all f k are supported in the ball B and x ∈ B, the integral in (3.1) is over the set {y : δ ≤ |y| ≤ P R 0 = 1}. For any x ∈ B withν ω (x) ≥ 1, we deduce by Hölder's inequality that 1/α will satisfy δ ≤ 1 for all ≤ 1. Thus using (3.2), we obtain I α ( f )(x) ≤ Cδ α M ( f )(x) + L −1 ω n−1 n ln (CM (f )(x)) n/α n I α (f )(x) n/α n−α n .
Simple computation gives (3.3) ω n−1 n γ(LI α ( f )(x)) n/(n−α) ≤ ln (CM (f )(x)) n/α n I α ( f )(x) n/α , where γ = (1 − α ) n/(n−α) . We multiply both sides of (3.3) byν ω , exponentiate and integrate over the set B 1 = {x ∈ B : I α (f )(x) ≥ 1}. Using ω k ∈ A s and denoting the Hardy-Littlewood maximal function byM , we obtain
Using the same method over the set B 2 = B \ B 1 , we easily obtain Combining the integrals over B 1 and B 2 , we get the required inequality (1.8) with a constant C 0 (γ) = max(C 2 , C 4 )(1 + (1 − γ (n−α)/n )) −n/α , and C 0 (γ) = C 0 m k=1 ω k (B 2 ) −s/p k .
